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Optimal-control-based cooperative evasion and pursuit strategies are derived for an aircraft and its defending
missile. The aircraft-defending missile team cooperates in actively protecting the aircraft from a homing missile. The
cooperative strategies are derived assuming that the incoming homing missile is using a known linear guidance law.
Linearized kinematics, arbitrary-order linear adversaries’ dynamics, and perfect information are also assumed.
Specific limiting cases are analyzed in which the attacking missile uses proportional navigation, augmented
proportional navigation, or optimal guidance. The optimal one-on-one, noncooperative, aircraft evasion strategies
from a missile using such guidance laws are also derived. For adversaries with first-order dynamics it is shown that
depending on the initial conditions, and in contrast to the optimal one-on-one evasion strategy, the optimal
cooperative target maneuver is either constant or arbitrary. These types of maneuvers are also the optimal ones for
the defender missile. Simulation results confirm the usefulness and advantages of cooperation. Specifically, it is
shown how the target can lure in the attacker, allowing its defender to intercept the attacking missile even in scenarios
in which the defender’s maneuverability is at a disadvantage compared with the attacking missile.

L

IRCRAFT protection from a homing interceptor is the topic of

this paper. The aircraft may be a manned or unmanned aerial
vehicle. To increase the aircraft’s survivability it may employ
electronic countermeasures, launch decoys, and perform evasive
maneuvers. It may also launch a defending missile to intercept the
incoming threat. These measures may be employed independently or
cooperatively. In this paper we focus on deriving optimal cooperative
strategies for an evading aircraft and a defending missile launched
from the aircraft to intercept the incoming threat. It is expected that
cooperation will improve the aircraft’s probability of survival.

Guidance laws for intercepting a moving target, such as the
defended aircraft in this study, have traditionally been developed for
one-on-one engagements. Usually, optimal control theory is applied,
and perfect information and linearized kinematics are assumed [1].
For example, the classical proportional navigation (PN) guidance
law [2] is the optimal guidance law for a scenario between an
interceptor with ideal dynamics and a nonmaneuvering target. The
same is true for augmented proportional navigation (APN), if the
target performs a constant maneuver [3]. Taking into account first-
order interceptor dynamics, the well-known optimal guidance law
(OGL) was obtained by Cottrell [4]. In [5] this work was extended to
arbitrary known target maneuvers. All these guidance laws are linear
and have the same general form of an effective navigation gain N’
(constant or time-varying) multiplied by a zero-effort-miss term and
divided by time-to-go squared.

Construction of the optimal evasive maneuver strategy, using
optimal control theory, requires an assumption on the future behavior
of the opponent. If the guidance law of the incoming homing
interceptor is known to the aircraft, then it can perform the optimal
evasion strategy. Such an analysis of a two-dimensional interception
scenario in which the interceptor is assumed to use PN guidance was
performed in [6-8]. In [6] the nonlinear engagement was studied
numerically and different strategies were proposed for different
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engagement initial conditions. In [7] a model with linear kinematics
and bounded pursuer (missile) and evader (aircraft) accelerations
was analyzed. It was found analytically that the optimal evasion
strategy has a bang—bang structure with a number of switches that is
dependent on the value of N’. Closed-form solutions for the
switching function and miss distance were obtained for the case of
first-order missile dynamics and integer values of the effective
navigation gain N'. In [8] the same model, but with nonlinear
kinematics, was investigated. An equivalent linearized 3-D problem
was analyzed in [9]. The optimal evasion strategy was identified as
having a bang—bang structure in a plane, which, for a circular missile
vectogram, is perpendicular to the initial plane of collision. The
existence of an optimal maneuver plane renders the use of the results
of the two-dimensional analysis applicable. Recently, the work of
Shinar and Steinberg [7] on optimal evasion from a PN-guided
missile was revisited [10,11]. The guaranteed miss distance was
studied in the case in which the PN guidance system is subjected to
bounded target maneuvers and bounded noise. And it was shown
how a simple Simulink®-based block diagram of the minimal
realization of the problem, with arbitrary-order missile dynamics,
can be used to obtain the optimal evasion strategy and the guaranteed
miss distance. Contrary to the relatively substantial work on optimal
evasion from a PN-guided missile there is very little open literature
on optimal evasion from other guidance laws. A noteworthy
exception is [12], where optimal evasion in a nonlinear engagement
between an aircraft and an APN-guided missile was studied
numerically. The optimal evasion strategy was obtained by
numerically solving the related nonlinear two-point boundary-value
problem.

Asher and Matuszewski [5] discussed the use of a defender missile
to protect a target aircraft from a homing missile. The closed-form
kinematic relations in such an engagement with three entities
(missile, target, and defender) moving in the plane, around a collision
course, were studied in [13—15]. For the analysis it was assumed that
the target is nonmaneuvering; no saturation limits exist for the
missile and the defender; both the missile and the defender have ideal
dynamics; and perfect information is available both to the missile
about the target and to the defender about the missile. Conditions for
the speed ratios were also derived for different attack geometries and
a desired interception point. However, in realistic engagements the
assumption of constant bearings is not valid, as vehicles are expected
to maneuver in order to achieve their respective objectives.

In a series of papers, Rusnak [16—18] analyzed this problem using
linear quadratic differential game (LQDG) theory. It was assumed
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that all three players (target, missile, and defender) can maneuver and
the required acceleration level for each player was assessed. The
guidance laws were established numerically by solving the relevant
differential Riccati equation with impulse function utilization in the
indices in order to reflect the defender’s disappearance after its
interception by the attacking missile. In a recent paper [19] an
analytical solution to the LQDG problem was obtained. Arbitrary-
order adversaries dynamics were considered and limiting cases were
studied. Also, conditions for the existence of a saddle-point solution
were derived and a nonlinear two-dimensional simulation was used
to validate the theoretical analysis.

Line-of-sight (LOS) guidance is naturally suited to fit the target—
missile—defender engagement, as by its very nature it is a three-point
guidance strategy. In [20] the kinematics of LOS guidance with a
moving/maneuvering launch platform was studied and the
application of command to LOS guidance as a prospective defender
guidance strategy in the target-missile-defender interception
scenario was studied. Based on the kinematic results, a guidance
law for the defended aircraft (the launch platform), cooperating with
a LOS-guided defender in order to maximize the attacker-to-
defender lateral acceleration ratio, was proposed and studied
analytically and via simulation. In another recent work [21] the
target—missile—defender interception problem was investigated for
the case in which the target and its defender share noisy
measurements on the attacking missile. The filter used was a
nonlinear adaptation of a multiple-model adaptive estimator, in
which each model represents a possible guidance law and guidance
parameters of the incoming homing missile. A matched defender’s
missile guidance law was optimized to the identified homing missile
guidance law. It uses cooperation between the aerial target and the
defender stemming from the fact that the defender knows the future
evasive maneuvers to be performed by the protected target. Thus,
after identification was achieved (taking less than 2 s in the examined
scenario), it can anticipate the maneuvers induced on the incoming
homing missile. Moreover, the target performs a bang—bang
maneuver with a single switch, with its timing chosen such that it
minimizes the control effort required by the defender.

As the main contribution of this work we present the optimal
cooperative evasion and pursuit strategies for the target and its
defender missile, assuming that the attacking missile’s guidance
strategy is known. Linearized kinematics are assumed, as well as
arbitrary-order linear adversaries’ dynamics, and perfect informa-
tion. As a special case, the optimal noncooperative one-on-one
aircraft evasion strategy, from a missile employing a linear guidance
strategy, such as APN or OGL, is also analytically derived, thus
extending previous works [7,10] on optimal evasion from a PN-
guided missile.

In the next section the target-missile—defender interception
engagement is formulated. Next, in Sec. III, the analyzed linear
missile guidance strategies are reviewed: specifically, PN, APN, and
OGL. This is followed by the analytical derivation of optimal one-on-
one, noncooperative, target evasion strategies from such missile
guidance laws. Then, in Sec. V, the optimal cooperative target—
defender evasion and pursuit strategies are derived and analyzed.
Next, a simulation analysis is presented, followed by concluding
remarks. In the appendices some special cases are analyzed.

II. Engagement Formulation

The problem consists of three entities: an evading target denoted as
T, an attacking missile denoted as M, and a defending missile
denoted as D. The attacking missile is chasing the target aircraft
using a linear guidance strategy that is either known or has been
identified. The target aircraft launches a defending missile to
intercept the incoming threat. Obviously, the engagement between
the defending missile and the attacking missile is planned to
terminate before that between the attacking missile and the evading
target.

‘We deal with the endgame of such a scenario and assume that the
trajectories of the three entities can be linearized around the missile—
target and defender—missile respective initial collision triangles. As
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the defending missile is fired from the evading aircraft, and for the
sake of simplicity in order to avoid excessive notations, we assume
that the missile—target initial LOS (ILOS) and defender—missile
ILOS unite. We also assume perfect information and analyze the
engagement in two dimensions.

In Fig. 1 a schematic view of the planar endgame geometry is
shown, where the X axis is aligned with the ILOS used for
linearization and Y is perpendicular to it. The notation M7 denotes
the attacking missile—evading target engagement, and M D denotes
the attacking missile-defending missile engagement. The initial
range between the missile and target is denoted as ry;, and that
between the defender missile and the attacking one is denoted as 7.
We denote y,,r and y,,, as the target—missile and missile—defender
relative displacement normal to the ILOS, respectively. The
missile’s, target’s, and defender’s accelerations perpendicular to the
ILOS, are denoted as ay,, ar, and ap, respectively.

We assume that during the endgame the adversaries have constant
speeds. Thus, after the respective collision triangles were reached
and maintained, the missile—target closing speed (denoted V, ) and
that of the missile—defender (V,, ) are constant.

The missile—target interception time can be approximated by

trr = rur(0)/ Ve, 1)
and similarly
thw = Tup(0)/ Ve, 2
We define At as the time difference between interceptions
Ar=ty,, — 15, 3

Note that At > 0, as we require the missile—target engagement to
terminate after that of the missile—defender.

It is assumed that during the endgame the dynamics of each agent
can be represented by arbitrary-order linear equations:

X, =Ax; + Bu; i={M,T,D} “4)

a;,=Cix; + d;u;; i={M,T,D} 5)
where x; is the state vector of an agent’s internal state variables with
dim(x;) = n; and y; is its controller. Note that in Egs. (4) and (5), and
in the remainder of this paper, bold is used to represent a vector/
matrix.

The first term on the right-hand side of Eq. (5) is the part of the
acceleration with dynamics, denoted as a;;. We denote the second
term on the right-hand side of Eq. (5) as the direct lift. This is the part
of the acceleration without dynamics, i.e., the feedforward part. For
example, in an aerodynamically controlled missile, and when
neglecting servo dynamics, the direct lift is obtained immediately

Y

Fig. 1 Target-missile-defender engagement geometry.
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from deflection of the canard or tail controls, and a;g represents the
response of the airframe.
The state vector of the target—missile—defender engagement is

x =[yur Yur Xy Xf Yup Yup Xp1° (6)

Defining the state vector of the linearized missile—target engagement
as

Xyur =yur Yur *y ¥l (7
and
Xup =[yup Iup *pl" ®)
we obtain
x =[xjyr xipl ©)

The equations of motion (EOM) are

X=X

Y, =ar—ay

Xy = Ayxy + Byuy

X=19 Xy =Arx; + Brup (10)

ng+n,-+3 = ng+n»,- +4

Xny+np+4 = Ay — Ap
xp =Apxp + Bpup

These equations can be written in vector form as

X=Ax+Blu; up]" + Cuy (11)
where
A:[Am 0 } B:[BW [0]}
A21 AMD [O] BMD
Cur
C= (12)
o]
and
0 1 [0] [0] 0
Ay = 0o 0 -C, C; ’ B, = dy
0] [0] Ay [0] [0]
0] [0] [0] Ag B;
0
—dy,
M
(0]
0] [o] [9] 0 1 [0
Ay =|[0] Cy [0] [, Ayp=110 0 -Cp
[0 f[o] [0] [0 [0] Ap
0 0
Byp=| —dp |. Cup=| dy (14)
By [0]

with [0] denoting a matrix of zeros with appropriate dimensions.

III. Optimal Missile Guidance Law

Over the years many missile guidance laws have been developed.
In this study we consider such linear guidance laws, commonly
derived under the assumption of linear kinematics, perfect

information, and unbounded controls [1]. Special attention is
given to the most well-known guidance laws of PN [2], APN [3], and
OGL [4].

These guidance laws have the following form [1]:

7.
uy =N~  j={PN,APN,OGL} (15)

8omr

where N’ is the effective navigation gain, ¢
defined in the missile—target engagement as

a0y, 18 the time-to-go

t t (16)

gour = Lpwr —
and Z is the well-known zero-effort-miss distance.

Remark 1. In such a one-sided linear optimization problem the
zero-effort miss is the missile—target separation perpendicular to the
ILOS at the final time [y (t,,)], which will be obtained if the
attacking missile does not apply any control from the current time
onward and the target aircraft continues employing the expected
maneuver strategy that is known to the missile. The expression for the
zero-effort miss is different for each guidance law, as it is dependent
on the model used and assumptions made regarding the future target
maneuvers.

Under the additional assumptions of ideal adversaries dynamics
and no target maneuver (i.e., u; () = 0 V¢ > 0) the obtained optimal
missile guidance law, guaranteeing zero miss distance and
minimizing the control effort, is PN with

Npw =3 (17)

Zon = Yur + Yurtaoy, (18)
Extending the results to the case in which the target is assumed to
perform a constant maneuver, APN was obtained with

Nipn =3 (19)

Zapn = Yur + Yurteoy, + Grlgoy, /2 (20)

Further assuming that the missile’s closed-loop acceleration
dynamics can be approximated by a first-order proper transfer
function with a time constant 7,,, OGL was obtained with

N/ — 69%471#(%7) (
OCL ™3 4 66y — 662, + 263, — 3e72m1 — 120,07 007

21)

ZocL = Yur + Yurleoy, + Arlae,, /2 — ausTyV(te,, /Th) (22)

where 0, is the normalized time-to-go in the missile—target
engagement:

Our = tooy, /Th (23)
and

V() =exp(=) +§—-1 (24)

IV. Optimal Target Evasion Strategy

In this section we derive the optimal target evasion strategies from
amissile employing a linear guidance law, such as those described in
the previous section. The underlying assumption is that the missile’s
guidance strategy is known to the target, possibly using an online
identification scheme. In [21], it was shown that in the target—
missile-defender engagement the identification can be performed
cooperatively by the target—defender team in less than 2 s.



A. Evasion Problem
The equations of motion in the missile—target engagement satisfy

X yr = AyrXyr + Bygur + Cyrty (25)
We assume that the missile uses a linear guidance strategy of the form

Uy = K(tgnMT)xMT + KuT (tgoMT)uT (26)

where
K (to,,) =K1 K, Ky Kg] (27)

Remark 2. Tt is assumed here that the missile’s current controller
may be dependent on the target’s current controller. Actually, if the
missile uses an optimal-control-based guidance law (such as PN,
APN, and OGL), then the underlying assumption in its derivation
was that the target’s controller is known not just at the current time
but also from the current time until the end of the scenario.

Using Eq. (26) we obtain the EOM of the one-sided evasion
problem:

X yr = Ap(tyo,, ) Xur + Be(tyo,, ir (28)
where
Ag(tyo,,)
0 1 [0] [0]
_ —dyK, —dyK, —Cy—dyKy Cr—dyKy (29)
ByK, ByK, Ay+ByKy By K
[0] [0] [0] Ar

B ;(ty,,) =[0 dr — K, dy K, Bl BII (30)

We pose the optimal evasion problem as the maximization of the
following cost function,

T =Y (ty,)/2 31

subject to the EOM of Eq. (28) and under the constraint that the
target’s control u; is bounded:

|ur| = up™ (32)

B. Reduced-Order Problem

We use the following transformation [22], sometimes denoted as
terminal projection:

Zyr () = Dg®g(ty,,. DXyr (33)
where D¢ is a constant vector,
D;= [ 1o [0]1ng [0]1an ] (34)
and @ (1, ., 1) is the transition matrix associated with Eq. (28),

¢]1 ¢12 ¢1M ¢1T

$ul0 =) = | 31 32 G G|

bu b b bur
satisfying

(i) E(lfMT’ t) = _q)E(thT’ t)AE(tg”MT); (I>E(thr‘ lfMT) =1

(36)
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Differentiating with respect to time the new zero-effort-miss state
variable Zy,7 (1) of Eq. (33), and using Eq. (36), we obtain
ZMT = SmyrUr (37
where

sur = Dg®p(ty,,.. )Br = (dr — Ky, dy) 1>
+ K, 9 1uBy +¢1rBr (38)
As expected, the dynamics of Eq. (37) are state-independent, as Z,,;
is the homogeneous solution of Eq. (28).

As Zyr(tys,.) = yur(ts,,) an equivalent reduced-order problem
of finding the optimal target evasion strategy is the maximization of

I =2y (ty,,)/2 (39)

subject to the scalar dynamics of Eq. (37) and the constraint of
Eq. (32).

C. Solution
The Hamiltonian of the problem is

H =Mz, Syrity (40)

The adjoint equation and the transversality condition are

A Zur Zyr ’

Azpr Crun) = Zur () 41)

yielding
Az () = Zyr(ty,,.) (42)

The optimal target evasion strategy maximizes the Hamiltonian and
thus satisfies

uy = arg, max H = uf™ sign(syr)sign(Zyr(ty,,,)) (43)

where s,,; of Eq. (38) is the switching function.
The zero-effort-miss dynamics in reverse time satisfy

dZyr dZyr dt
digo,,, =4 dr = —SmrlUr (44)

gomT

Integrating Eq. (44) with u} of Eq. (43) until optimal trajectories
intersect each other on the Z,,; = 0 axis, we obtain

sign(Zyr (1)) =sign(Zyr(ty,,)) Y t€[0,,.];
Zyur(0) #0 (45)

resulting in the closed-loop optimal evasion strategy:

ur = up™ sign(syr)sign(Zyr(1)); Zyr(0) #0 (46)

Note that for Z,,;(f) = O the optimal target evasion strategy can be
chosen as either ™ or —u7**.

Remark 3. The optimal target evasion strategy of Eq. (46) was
derived under the assumption of unbounded missile control
command u,,. It was shown in [7] that if the missile acceleration a,
or its command u,, are bounded, then in order to exploit the missile’s
saturation the target maneuver switches should occur earlier in the
engagement.

To implement the optimal evasion strategy we need to compute
Syr and Zy7, using the ¢,,, ¢,,, and ¢, elements of the transition
matrix ®,. From Eq. (36) we obtain



418

d®; _ o d®, di
dt,, ~ F dr dr

gomr gomr

®,0) =1 A7)

D, =Dy ®g(t,,. DAE(2,

goyT )

Consequently, we need to solve the following set of equations in
reverse time:

(];d;{)ﬁz_dMK1¢12+K1¢1MBM; ¢11(0)=1
d,d:ﬁ:% —dy Ko+ Kr9 1y Buss $1,(0)=0
xﬁz[_CM_dMKMW)n"‘(blM[AM + By Kyl ¢14(0)=[0]
(ﬁfﬁz[cr—dMKr]@z +¢1uBuKr+ 017475 ¢,7(0)=[0]
D (48)

where K, K,, K, and K7 of Eq. (27) are known functions of t,, .
[given in Eq. (16)].

Using the optimal evasion strategy uj, the optimal missile—target
zero-effort-miss dynamics can be computed, satisfying

ZLT = Lyr sign(Zyr (1)) (49)

where
Cyr = |syr|uf™ (50

Consequently, | Z,,r| is a monotonically increasing function of time.
Defining

IMT
m=/’ T, dr (51)
0

we obtain the maximum miss distance as
Miss yr = |Yur(tr, )| = 1Zuyr (t1, ) = 1Zyr(0) +m (52)

Specific optimal evasion strategies against the linear guidance
strategies discussed in the previous section: namely, PN, APN, and
OGL, are provided in Appendix A.

V. Cooperative Optimal Pursuit and Evasion

We now turn our attention to deriving the optimal cooperative
defender’s pursuit strategy and the target’s evasion strategy from a
missile employing a linear guidance law, such as PN, APN, and OGL
described in Section III. As in the previous section, the underlying
assumption is that the missile’s guidance strategy is known to the
target—defender team, possibly using an online identification scheme
[21].

A. Pursuit-Evasion Problem

The EOM of the missile—target—defender engagement are given in
Eq. (11). We now assume that the missile uses a known linear
guidance strategy of the form given in Eq. (26). Substituting Eq. (26)
in Eq. (11) we obtain the EOM of the one-sided pursuit—evasion
problem (from the point of view of the target—defender team)

.X.f = APE(tgo)x + BPE(tgo)[MT Up ]T (53)
where
Ap(ty + AD) - [0] }
Apg(ty) =
e [ A, Awp
B.(ty, + A1) [0] }
Bpe(t,) = (54)
e [ [0] By»

Iy, 18 the time-to-go in the defender—missile engagement defined as

SHIMA

tgo = thD —I= thMT — At (55)

Ay, Ayp,and By, are givenin Eq. (14), and A and B are given in
Eqgs. (29) and (30), respectively.

We pose the optimal cooperative pursuit—evasion problem as the
minimization of the following cost function,

= ¥p(t,,)/2 (56)

subject to the EOM of Eq. (53) and under the constraint that both the
target’s and defender’s controls (#7 and up) are bounded:
lu;| < ul; i=T,D 57)

i

Remark4.In minimizing J of Eq. (56) the defender (employing u,
and knowing the missile guidance strategy) is performing its classical
role as a pursuer of the missile. In comparison, the target (employing
ur) to minimize the defender—missile separation (J of Eq. (56)) is
using its knowledge on the missile guidance law to lure the missile to
the vicinity of the defender. This is in contrast to the one-on-one
engagement, where the target wishes to maximize the distance
between the missile and itself.

B. Reduced-Order Problem

Using the terminal projection transformation we define the
missile—defender zero-effort miss (Z,,p) as

Zyp(t) = Dpg ®pg (14, X (58)
where
DPE = [0 0 [0]1ng [0]1an 10 [0]1an ] (59)
and ®pg(t4,, . 1) is the transition matrix associated with Eq. (33):

P (tf,,: 1) = Ppp(ty,)

[ ¢ S dir dis b6 bip ]

$u Pn b Por s P b

¢35 9 G Pir P35 P D3

=|0n P b bir b5 b P (60)
51 P52 bsu Psr dss P Psp
P51 P2 Pom Por Pes Pos Pep

Lo ¢n Sm b P15 b Pip

satisfying

‘i’PE(ffMD, 1) = —Ppg(ty,, DApE(ty); Do (tr,,r L) =1

(61)
Differentiating with respect to time the missile-defender zero-
effort-miss state variable (Z,;5(¢)) of Eq. (58), and using Eq. (61), we

obtain
ZMD =Suplur upl” (62)

where
S yp = DpePee(ty,,. )Bpe = [Sup, Smp, | (63)

and

Sup, = (dr — KUTdM)¢52 + KuT¢5MBM + ¢srBr (64)
Sup, = —Psedp + $spBp (65)

As Zyp(ts,,,) = Yun(ty,,) an equivalent reduced-order problem
of finding the optimal cooperative defender’s pursuit strategy and the
target’s evasion strategy, is the minimization of



T =2y t5,,)/2 (66)

subject to the scalar dynamics of Eq. (62) and the constraints of
Eq. 537).

C. Solution
The Hamiltonian of the problem is

H= )sz,) (SMD, ur + Syp, up) (67)

The adjoint equation and the transversality condition are

oH
=0 Azun Erun) = Zup (r,p) (68)

0 02y
yielding
Az ) = Zyp(ty,,,) (69)

The optimal target and defender strategies minimize the Hamiltonian
and thus satisfy

ur = arg,, min H = —uf™ sign(syp,)sign(Zyp(ts,,))  (70)

up = arg,, min H = —up™ sign(syp,)sign(Zyp(t;,,)) (1)

where s,p, and sy, are the switching functions of the target and
defender, defined in Eqs. (64) and (65), respectively.

Using the optimal strategies u; and uj, the optimal missile—
defender zero-effort-miss dynamics can be computed in reverse time,
satisfying

dzZyp Az, dt .
dt,, = dryg = [yp sign(Zyp(tg = 0)); 72

ZMD(tgo = 0) # 0

where
Typ = Tupt + Tupz (73)
and
Cypr = |SMDI g™ (74)
Cypr = |5MD2|MBaX (75)

Note that contrary to |Z,,;| of the previous section, here |Z,,| is a
monotonically increasing function of time-to-go (decreasing
function of time).

‘We now define the optimal border trajectory:

g0 Tgo oo
Zyp(ty) = Lg Typ dty, = [;g Typy dtg, +A Cyrpo dtgg
(76)

In the region defined by [Zyp(t4)| > Z3p(t,,) We obtain, when
using the optimal strategies of Eqs. (70) and (71), that
sign(Zyp(t)) = sign(Zyp(ty,,))- In the region between the two
border trajectories Zy, and —Zy, (€., [Zyp(te)l < Zyp(teo))
every target and defender strategy will lead, eventually, to the border
trajectories Zj,, or —Zy,, and the target and defender can use
arbitrary strategies. We denote this region as being singular.
Consequently, the optimal closed-loop strategies satisfy

e —uf* sign(syp,)sign(Zyp (1) 1Zyp(teo)l = Ziip(teo)
T ] arbitrary 1Zup(tgo)| < Ziyp(tg0)
an
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uh = _Mgax sign(syp,)sign(Zyp(1) 1 Zup(te)| = Ziyp(teo)
b arbltrary |ZMD(tgo)| < ZIT/ID(th)

(78)

Remark 5. If the engagement is initialized in the singular region,
then the missile—defender miss distance will be null and the target can
issue, until one of the border trajectories is reached, its optimal one-
on-one optimal evasion strategy, given in Eq. (46).

Using the above optimal strategies, the optimal minimum miss
distance between the defender and the missile is

Missyp = [yup(ts,,)]
_ { [Zyp(t=0)| = Zyp(t =0) |Zyp(t =0)| > Zy,(t =0)
o 1Z(t = )] < Ziyp(1 =0)
79
To implement the optimal target and defender strategies we need to

compute the ¢s,, Psp, P57, P56, and ¢ sy, elements of the transition
matrix ®pg. Using Eq. (61) we obtain

de d®pe dr
D dlg]:)E = Dpg leE i = Dpp ®pi (1, 1) Apg ()
Ppe(0) =1 (80)
Consequently,

‘31% =—dyK,¢s, + K1¢ 4By
%j = ¢51 — dy K95, + Ky By
df,% =[-Cy — dyKylps, + ¢sulAy + By Kyl + ¢5cCy

% =[Cr — dyKslps, + ¢suBuKr + dsrAr

doss
drgy 0
dgse

dtg, 55

ddd:f =—¢5cCp + @spAp
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with all initial conditions being equal to zero, except for ¢s5, where
¢55(0) = 1. Note that K, K,, K;;, and K; of Eq. (27) are known
functions of #,, . (i.e., t,, + Af).

Obviously, the solutions for ¢ss and ¢s¢ are

$ss =1 (82)

¢56 = tgo (83)

Remark 6. If the attacking missile is not intercepted by the
defender by the end of the cooperative engagement (¢ = t/,), then
in the remaining time At the target should employ the optimal one-
on-one evasion strategy of Eq. (46). Actually, the target can
anticipate from the beginning of the cooperative pursuit—evasion
engagement if the defender is expected to intercept the missile. If not,
then it can switch to its optimal one-on-one evasion strategy already
from the beginning of the engagement.

D. Special Cases
If Eq. (A2) holds [i.e., K, = K| - (ty, + A?)], as in the case of a
missile guided by PN, APN, or OGL, then

¢52 = ¢51 : ([go + At) (84)

and we are left with the following set of equations:
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% =[1/(tg + A1) — dy K5y + Kopsp By

$52(0) =0

Wt — [—Cyy — dyKylpsy + PsulAy + ByKyl + 1,Cus $54(0) = [0]

dr,

20 (85)
% =[Cr — duKrlpsy + sy BuKr + ¢srAss ¢s7(0) = [0]
d£50 = —1,,Cp + PspAp; $sp(0) =[0]

20

In such a case the missile—defender zero-effort-miss distance is

Zyp = $2lVmr + Yur/ (teo + AD] + PsyXy + Gsrxr
+ Yup + Yuplteo + DspXp (86)

Note that the first two equations in Egs. (85) are independent from
the rest, as well as the fourth one. For a defender missile with ideal
dynamics ¢5;, = 0 and for a defender with first-order strictly proper
dynamics (i.e., Ap =—1/1p, By =1/1p, Cp =1, dp =0), we
obtain

¢SD = _T%W([go/rD) (87)
where ¥ is given in Eq. (24). In such a case,
Sup2 = —TpV(te/Tp) (88)

and
I
/ 1—‘MDZ dtgo = ugax[tgo/z - T%).(//(tgo/TD)] (89)
0

Note that since ¥(§) >0 V & > 0, then s)p, is a negative definite
function. Therefore, until the zero-effort-miss distance is null, the
defender will not change the direction of its maneuver command,
which is dependent on the initial value of the zero-effort-miss. After
Zyp reaches zero the defender no longer issues maneuver
commands.

The specific cooperative strategies for the cases in which the
missile uses PN, APN, or OGL are provided in Appendix B.

VI. Simulation Analysis

In this section using simulation we analyze the optimal
cooperative target and defender pursuit-evasion strategies and the
optimal one-on-one target evasion strategy derived in the previous
sections. We also illustrate the qualitative nature of optimal
trajectories in the respective zero-effort miss vs time-to-go plane.

For the analysis we assume that the attacking missile, target
aircraft, and defending missile have first-order acceleration
dynamics. In the simulations we apply acceleration saturation. We
assume that the acceleration command of the target is limited to 5 g
(ie., uf™ =5 g), and the missile has five times the maneuver
advantage (i.e., uj* =25 g). To show the benefit of cooperation and
the ability to protect the target with a defender having a very limited
maneuver capability we choose a3 g acceleration command limit for
the defender missile (u;** = 3 g). In the cooperative engagement the
time difference Ar between the engagements is a half-second. Note
that all plots are in reverse time, i.e., time-to-go, where f,, =0
represents the end of the cooperative engagement between the
defender—target team and the missile.

As mentioned earlier, the underlying assumption in the derivation
was that the missile’s guidance strategy is known to the target,
possibly using an online identification scheme. Thus, if identification
is needed, then the simulated engagement takes place after
identification has been achieved.

In the next subsection we first examine the one-on-one
engagement between the target aircraft and the attacking missile.
Then we demonstrate the capability of protecting such a target by a
cooperating defender missile.

A. One-on-One Optimal Evasion

OGL was derived for the investigated case with a missile having a
first-order strictly proper acceleration transfer function. Thus, it
yields a zero miss distance against any target maneuver. Such a case
necessitates the use of a defender missile. In this subsection we
examine the one-on-one engagement. Thus, we investigate only
optimal target evasion from a missile that is using either PN or APN
guidance with an effective navigation gain N’ of 4. General results
and those of a sample run are provided next.

For the target to employ the optimal evasion strategy of Eq. (46) we
need to compute the switching function s,,7, given in Egs. (A9) and
(A14) for PN and APN, respectively. We also need to compute the
target-missile zero-effort miss Z,, which has an identical
expression for PN and APN, given in Eq. (A10). To that end the ¢,,
@11, and ¢, elements of the transition matrix @ need be computed.
The time evolution of these elements is given in Fig. 2. Note that the
plotted numerical solutions for ¢, and ¢,;, are identical to the
closed-form solutions of Egs. (AS) and (A6), respectively.

Figure 3 presents results of sample runs for a comparison between
optimal evasion from a missile employing PN vs APN guidance. The
upper frame presents a comparison between the switching surfaces
computed based on Egs. (A9) and (A14). The difference between the
surfaces is evident: the switching surface changes sign twice for PN
three times for APN, and the optimal timings for the switches are
different. Consequently, against PN the optimal target maneuver is
composed of two sign changes, compared with three for APN, as is
evident in the middle frame showing the time evolution of the target
and missile accelerations. The time evolution of the zero-effort miss
Zyr for these engagements is given in the bottom frame. As
expected, it is evident that |Z,,;| increases monotonically. Note that
for this example, optimal evasion from APN leads to a smaller miss
distance (0.32 m) than when evading from a PN-guided missile
(0.35 m). However, changing the value of the navigation gain can
lead to an opposite result.

Optimal trajectories in the zero-effort miss vs time-to-go plane are
plotted in Fig. 4 for different initial conditions. The top frame
presents trajectories for PN, and the bottom one for APN. In each
frame all trajectories are parallel to each other and lead to a nonzero
miss distance. Note that the engagement will remain on such optimal
trajectories as long as the target performs the optimal evasion
strategy, using the switching function plotted in the top frame of
Fig. 3, and the missile sticks to its known guidance strategy.
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Fig. 2 Time evolution of evasion relevant transition matrix elements.
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Fig. 3 Comparison between evasion from PN- and APN-guided
missiles.

B. Cooperative Optimal Pursuit and Evasion

We now examine the target-missile—defender engagement. It is
assumed that the missile is using APN guidance with a navigation
constant N’ of 4, and the target aircraft and its defending missile are
using the optimal strategies given in Eqs. (77) and (78), respectively.
General results and those of a sample run are provided next.

The transition matrix elements that are relevant for performing the
optimal pursuit and evasion strategies are plotted in Fig. 5. These
elements are needed for the computation of the zero-effort miss
between the defender and the missile (Z),p) and the target and
defender switching surfaces (s,,p; and s,,p,). Note that all elements
do not change sign during the engagement. In particular, as ¢sp
(plotted in the bottom frame) does not change sign, then the
switching surface for the defender [given in Eq. (88)] does not change
sign and the defender performs a constant maneuver, with its
direction being dependent on the initial value of Z,,,.

The switching surfaces, acceleration profiles, and zero-effort-miss
time evolutions are plotted in Fig. 6 for a sample run. In the top frame
the target and defender switching surfaces [s,,,, from Eq. (B3) and
syp> from Eq. (88), respectively], that are applicable for the
cooperative case, are plotted. Also plotted in this frame is the
switching surface s,,r, applicable for the target for the last half-
second (as At = 0.5 s) from when the defender—target engagement
terminates. From that point of time until the end of the scenario the
target can perform the optimal one-on-one evasion strategy. To
enable the plot in the same frame the value of s;,; is multiplied by
100. Note that the switching surfaces for the cooperative strategies do
not change sign, yielding constant target and defender maneuvers,
until the Z,,, = 0 axis is reached (see bottom frame). Once Z,,, = 0,

Time—to—go [s]

Fig. 4 Comparison between PN and APN optimal trajectories in the
zero-effort miss vs time-to-go plane.
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Fig. 5 Time evolution of pursuit-evasion relevant transition matrix
elements.

the target and defender do not apply controls and their accelerations
converge exponentially to zero, as can be seen from the middle frame.
Once the defender—missile engagement terminates (i.e., f,, = 0) the
target stops aiding the defender and starts performing an optimal
bang—bang maneuver in the remaining time until interception by the
missile. Note that due to the cooperation, the miss distance between
the defender and missile is nulled (Z;;p, = 0), and the miss distance
between the target and the missile is 0.2 m [i.e., Zyr(¢;,,) = 0.2 m.
This miss distance is smaller than for the case presented in the
previous section, where the target performed the optimal one-on-one
evasion strategy [Zyr(ts,,) = 0.32 m] for the entire engagement
duration. Note that for comparative reasons in the bottom frame the
results of Z,,; are multiplied by 100.

Figure 7 presents the optimal trajectories, in the missile—defender
zero-effort miss vs time-to-go plane, for different initial conditions.
Optimal trajectories in this plane (that are parallel to each other) are
plotted using a solid line, with the border trajectories Z},,, and —Z},,
[given in Eq. (76)] highlighted using a thicker line. The time
evolution of the zero-effort miss of the sample run is plotted using a
dashed line. In the singular region between the border trajectories
Zyp and —Zj,,, any target and defender strategy is optimal, as
eventually these border trajectories will be reached and maintained.
Thus, all initial conditions in this region will lead to a zero miss
distance in the defender—missile engagement. In such a case the
target can instead apply its optimal one-on-one optimal evasion
strategy, for example. Outside this singular region the target and
defender must apply a unique strategy of a maximum maneuver
command [see Eqs. (77) and (78), respectively]. It should be noted
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Fig. 6 Sample run of switching surface, acceleration, and zero-effort-
miss profiles; cooperative engagement.
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Fig. 7 Optimal trajectories in the missile-defender zero-effort miss vs
time-to-go plane.

that qualitatively similar results have been obtained for the cases in
which the missile uses either PN or OGL instead of APN and the
target—defender team uses the respective optimal cooperative
strategies.

C. Noncooperative Pursuit and Evasion

We would now like to compare the cooperative scenario with a
noncooperative one. The results of a sample scenario with no
cooperation between the target and the defender are plotted in Fig. 8.
The initial conditions are the same as those in the engagement plotted
in Fig. 6. In this noncooperative scenario the target performs the
optimal one-on-one optimal evasion strategy, and the defender uses
APN for guidance with an effective navigation gain of 4. It is evident
from the middle frame that the target’s evasive maneuvers induce
harsher maneuvers from the missile, up to about 20 g, compared with
about 12 g in the cooperative engagement (see middle frame of
Fig. 6). Consequently, as can be seen from the bottom frame, the
defender—missile miss distance is seriously affected. It is now 4.3 m
(Zup(ts,,) =4.3 m), compared with zero when the target and
defender cooperated. Note that performing the optimal one-on-one
optimal evasion strategy has only a small effect on the missile—target
miss distance, raising it from 0.2 to 0.32 m.

For the same initial conditions similar qualitative results have been
obtained for the cases in which instead of APN the missile is using
either PN (with N’ = 4) or OGL. In such cases, if the target issues the
appropriate PN or OGL optimal evasive maneuver, then the missile—
defender miss distance is 17.2 or 5.05 m, respectively. This is in
comparison with a zero miss distance achieved if the target and
defender cooperate. In all these cases the missile—target miss distance
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Fig. 8 Sample run of switching surface, acceleration, and zero-effort-
miss profiles; noncooperative engagement.

is near zero (it is identical to zero in the case of OGL), necessitating
the use of a cooperating defender missile.

VII. Conclusions

Optimal evasion and pursuit strategies for a target aircraft and its
defender missile, cooperating in protecting the target from an
incoming missile, have been derived. The problem was analyzed for
arbitrary-order linear adversaries dynamics and assuming perfect
information. The cooperative strategies are applicable when the
missile is using a known linear strategy, such as proportional
navigation, augmented proportional navigation, or optimal guidance
law. The optimal one-on-one, noncooperative, aircraft evasion
strategies from a missile that is using such guidance laws were also
derived.

For adversaries with first-order dynamics it was shown that,
depending on the initial conditions, and in contrast to the optimal
one-on-one evasion strategy, the optimal cooperative target
maneuver is either constant or arbitrary. These types of maneuvers
are also the optimal ones for the defender missile.

A prerequisite to applying the optimal target and defender
cooperative strategies, or the optimal one-on-one target evasive
maneuver, is knowing the guidance strategy used by the attacking
missile. This knowledge may be available a priori or acquired during
the early stages of the engagement by an online identification
scheme.

It was shown that cooperation allows the defender to intercept the
attacking missile with a zero miss distance even in a scenario in
which it has an order of magnitude maneuverability disadvantage. In
such a scenario the target aircraft acts like a bait and lures in the
attacking missile. In cooperating and helping its defender missile the
target pays a penalty in the form of a slightly enlarged miss distance
between it and the missile.

The hit-to-kill performance that is achievable, due to cooperation,
even when using a very limited defending missile, facilitates the
future use of relatively small defending missiles to protect aircraft
from homing missiles.

Appendix A: One-On-One Optimal Evasion:
Special Cases

In this Appendix we provide the specific optimal evasion strategies
against the linear guidance strategies discussed in Sec. III: namely,
PN, APN, and OGL.

I. Evasion from PN-Guided Missiles

If the missile uses PN guidance of Eqs. (15) and (18) with a
constant Npy, then the gains in Eq. (26) become

’
_NPN.

!
Ki=—5—; K2=ﬂ§ Ky =10]
[g‘)MT tgoMT
K; =]0]; K, =0 (AD)
As in this case
K, = K\tg,,, (A2)
we obtain from Eqgs. (48) that
¢12 = ¢Iltg0MT (A3)

To compute the optimal target evasion strategy of Eq. (46) we need to
solve the remaining terms in Eqs. (48) that satisfy

“?:ﬁ = —dyNpnP11 /g0, + ¢1MBMNI/)N/[é0MT; Pn(0)=1

ddzzlﬁ:i =—Cudiily,, + dr1uAu; ¢1u(0) = [0]

W = Crfuitye,, + $irAT: $17(0) =[0]
(A4)



Note that the first two equations above are independent from the third
one. This set of equations can be solved numerically, as was shown in
[10] using a simple Simulink block diagram. A closed-form
analytical solution exists for the case in which it is assumed that the
target has ideal dynamics (i.e., Ay = B; =C; =0, dy = 1), the
missile has first-order strictly proper dynamics (i.e., Ay, = —1/1y,
By = 1/1y, Cy = 1,d), = 0), and Npy is an integer. In such a case,
as was shown in [7], Egs. (A4) have the following closed-form
solutions:

®12

Ty €Xp(—Opr)[Onr — ezzw/z] Npn =3
=1 T eXp(—Oyr)[Onr — 912|/1T + 912(”/6] Npy =4
Ty €Xp(—Opr)[Onr — 3912\”/2 + Qiﬂ/z - 94MT/24] Npn =5
(A5)

b=
T3 €xp(=Oyr) =037 /2 + 0347 /6] Npy=3
T/%/1 exp(_eMT)[_H%/lT/z + 9?\”/3 - %T/24] Npy=4

71%4 eXP(_eMT)[_Gizwr/z + 913\/1T/2 —Oyr/8+ 915\/1T/120] Npy=5
(A6)

and ¢, = 0. The switching function of Eq. (38) in this case is
Sur = P12 (A7)

and the missile—target zero-effort miss (Z,,;) of Eq. (33) satisfies

Zyr = $120mr + Yur/teoy,) + $rmau (A3)

Assuming the target has first-order strictly proper dynamics
instead of ideal (i.e., Ay = —1/t7, By = 1/177,Cy = 1, and dp = 0)
results in identical solutions for ¢, and ¢,,,, as in Egs. (AS5) and
(A6), respectively, whereas the solution for ¢, is nonzero. The
switching function for this case is

Syt = $ir/Tr (A9)
and the zero-effort-miss distance is

Zyr = Po0mr + Yur/teoy,) + Gruay + $rirar (A10)

II. Evasion from APN-Guided Missiles

If the missile uses APN guidance of Egs. (15) and (20), then the
gains in Eq. (26) become
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strategy of Eq. (46), the following set of equations from Eq. (48)
needs to be solved:

= —dyNaox$11 /g0y + S 1BuNaps/Boyys $1(0) =1
Gt = —CoPuityoy, + rarAu: $1(0) =[0]
d‘:i;; =(1—=dyNypn/2)Crditg,,
+ ¢ 1By CrNipn/2 + ¢ 17A7; ¢17(0) =10]
(A12)

Note that the first two equations are identical to those of PN
appearing in Eq. (A4), and here too they are independent from the
third one. For the case in which it is assumed that the target has ideal
dynamics (i.e., Ay = By = C; =0, dy = 1), the missile has first-
order strictly proper dynamics (i.e., Ay = —1/7y, By =1/1y,
Cy =1, dy, =0), and N),py is an integer, the solutions of ¢, and
¢,y are identical to that of PN given in Eqgs. (AS) and (A6),
respectively. Also ¢, = 0.
The switching function of Eq. (38) in this case is

Sur = $12 + Qi Niapn/ 2Ta) (A13)

and Z,,; satisfies Eq. (A8).

Remark 7. Comparing Eq. (A13) to Eq. (A7) we note that the
optimal evasion strategy of a target with ideal dynamics, from a
missile with first-order strictly proper dynamics guided by APN, is
different from that of evasion when PN is used for guidance.
However, the expressions for the zero-effort miss of these two
evasion problems are identical, as the solutions for ¢, and ¢ ,, are
identical.

Assuming the target has first-order strictly proper dynamics
instead of ideal (i.e., Ay = —1/77, By = 1 /14, C; = 1,and dy = 0)
does not affect the solutions for ¢, and ¢,,,, whereas, as for PN, the
solution for ¢, is nonzero. The switching function for this case is
now

Sur = P1uNapn/ Ctu) + 17/ 71 (Al4)

and the expression for the zero-effort miss is identical to that given in
Eq. (AL0).

III. Evasion from OGL-Guided Missiles

If the missile uses OGL of Eqgs. (15), (21), and (22), then the gains
in Eq. (26) become

Né)GL NbGL N(/)GLW(GMT)CM
K| =7t2 5 Kz:it 5 KM=—702
gomT goymT MT
Né)GLCT NbGLdT
=" oy = ————— AlS
> ; > (A15)

with Njg, being time-varying [see Eq. (21)].

Once again Egs. (A2) and (A3) are satisfied. And for computing
the switching surface of the optimal target evasion strategy of
Eq. (46), the following set of equations from Eq. (48) needs to be
solved:

d?:;/l\;r = —dyNogLP11/teoy, + ¢1MBMN6GL/t§oMT; ¢11(0)=1
d‘iilf\::“ = (de(eMT) - I)CM¢11tg0MT + ¢1M(AM - BMCMf(eMT)); ¢1M(0) = [0] (A16)

Br = (1 = dyNoeL/2)CrPiitaoy, + S 1uBuCrNogL/2 + ¢17A7;  ¢17(0) = [0]

dgopr

N, N,
Kl — tZAPN : K2 — p APN : KM — [O]
gomT gomT
NpnC Npnd
Ky =—27=5 K, =—"0 (A1)

As for PN, Eq. (A2) and, consequently, Eq. (A3) are satisfied. For
computing the switching surface of the optimal target evasion

where
f(Our) = Né)GL(eMT)W(QMT)/szw (A17)
Once again the first two equations in Egs. (A16) are independent

from the third one. For the case in which it is assumed that the target
has ideal dynamics (i.e., A =B; =C; =0 and d; =1), the
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solution of the third equation results with ¢;; = 0 and the switching
function of Eq. (38) in this case is

syr = dr(1 = dyNogL/2)P12 + G 1uBuNogL/2 (A18)
and Z,,; of Eq. (33) satisfies
Zyr = P2Omr + Yur/teoys) + D 1mXy (A19)

Remark 8. If the missile has first-order strictly proper dynamics
(e, Ay =—1/ty, By =1/17y, Cyy =1, dyy = 0), then ¢y, ¢y5,
¢1u- and ¢, will be identically zero, resulting in a target-missile
zero-effort miss distance that is identical to zero, no matter the
evasion strategy of the target and the initial conditions. This is
because OGL was designed taking into account such missile
dynamics and assuming unbounded control.

d¢
?ST = (1 = dyNupn/2D95:Cr + @54 By CrNoypn/2 + @srAr

go

(B4)

Assuming first-order strictly proper acceleration dynamics for the
missile and the target we obtain for ¢s, and ¢ 5,, the same differential
equations as for PN in Eq. (B2). For ¢s; we obtain the following
scalar differential equation:

desr

dig

= ¢5r + Nppn®su/ QTa) — ¢s7/Tr (BS)

The target’s switching surface has the same form as that of PN,
given in Eq. (B3), but the value of ¢s; is different.

III. Missile Uses OGL

If the missile uses OGL, with the gains givenin Eq. (A15), then the
differential equations for ¢s,, ¢5,,, and ¢s; from Eq. (85) are

%ﬁf = (1 = dyNocL)Ps2/ (tgo + A1) + NogL@suBy /(50 + AD); $52(0) =0
df,:y = [dyfOur) — 11ICydss + dsulAy — f(Our)ByCuyl + 1,Chrs 54 (0) = [0] (B6)
S = (1= dyNog/2)Crés: + 5uByCrNoa /2 + $srAr: $5r(0) = [0]

Appendix B: Cooperative Pursuit and Evasion:
Special Cases
In this Appendix we provide the specific optimal cooperative
evasion and pursuit strategies, for the target and its defender, for the

cases in which the missile uses the linear guidance strategies
discussed in Sec. III: namely, PN, APN, and OGL.

1. Miissile Uses PN

If the missile uses PN guidance, with the gains given in Eq. (A1),
then the differential equations for ¢s,, ¢ s,,, and ¢ s from Eq. (85) are

dtgo

Ysu — _Cpypsy + PsyAy + teoCus

digo

W5t — Crpsy + PsrAss

dtgo

Assuming first-order strictly proper acceleration dynamics for the
missile and the target, Eq. (B1) degenerates to the following three
scalar equations:

T2 =52/ (tgo + AD + Npwdsy/ (tu (10 + AD): §52(0)
T = —sy = bsw/ T + 1y ¢su(0)  (B2)

i‘% = s, — Psr/ 713 ¢s7(0)
The target’s switching surface in this case is
Sup, = dsr/Tr (B3)

II. Missile Uses APN

If the missile uses APN guidance, with the gains given in
Eq. (All), then the differential equations for ¢s, and ¢s,, are
identical to those given in Eq. (B1), with N/, replacing Npy. For
¢ 57 the differential equation is

F2 = (1 = dyNp)¢s2/ (g0 + A1) + NinsBig/ (140 + A1);

where N{,;, is time-varying and f(6,,7) is given in Eq. (A17).

Assuming first-order strictly proper acceleration dynamics for the
missile and the target, Eq. (B6) degenerates to the following three
scalar equations:

(:1?5: = ¢/ (tgo + A1) + NogLosm/ (tu(tge + AD); ¢52(0) =0

ddd;% = —¢s; — syll + f(Our)l/ i + teos ¢su(0) =0
WL = 2 + bswNoar/2 = bt/ 71 $57(0) =0
B7)
$52(0) =0
$s1(0) =[0] (B1)
¢57(0) = [0]

Note that here, in contrast to the one-on-one evasion problem from an
OGL missile (presented in Appendix A) the transition matrix element
®s1, G52, sy, and @sp (compared with ¢y, Py, Py, and ¢yy) are
nonzero.

The target’s switching surface has the same form as that of PN,
given in Eq. (B3), but the value of ¢s; is different.
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